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Numerical Integrations

I =

Z b

a

f (x)dx

can be viewed graphically as the area between the x-axis and the curve y = f (x) in the
region of the limits of integration a and b
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Numerical Integration

In analysis, numerical integration comprises a broad family of
algorithms( Rectangle,Midpoint,Simpsons etc rules)

for calculating the numerical value of a definite integral

and by extension, the term is also sometimes used to describe
the numerical solution of differential equations
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Numerical Integration

Interested to evaluate the integrals

Explore various way for approximating the integrals of a function
over a given domain

These approximations are useful as every function can not be
analytically integrated

Area under the curve is the value of a integral over a given
domain.
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Area under the curve by Rectangular rule
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Rectangular rule

If f (x)is given as Z b

a

f (x)dx

Then Figure shows that the area under the curve is given as
rectangle with length f (a) and width (b � a)
therefore area is Z b

a

f (x)dx = f (a) � (b � a)

f(a)*(b-a)
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Rectangle Method contd..

In reality it is less than the actual

we could have taken f (b) instead of f (a)

but that area is more than the actual

For improvement towards the actual area is to divide this
rectangles into large number of rectangles

We will see soon there are lot of ways to improve the results in
much better ways

Both the above mentioned ways contain good amount of error.
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Area under the curve by Mid-Point Rule

Instead of function value at end points , mid point is taken and
improvement is almost 50Z b

a

f (x)dx = f

�
a + b

2

�
� (b � a)
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Area under the curve by Interpolations

if we are given a data set say xi ; yi where i = 0; 1; 2; 3; 4; � � � n,

we can evaluate the area by fitting or defining a polynomial to
the given data set as we did in Interpolation techniques

and then evaluate the integral with the so obtained function as
is given Z xn

x0

f (x)dx

evaluate this for total area.
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Area by Interpolation contd..
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Area by Interpolation contd...

We can also �nd the area under given data without de�ning a
polynomial.

This time we need to calculate by taking each consecutive data
points as

Z x1

x0

f (x)dx
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Area by Interpolations contd...

Z x2

x1

f (x)dx

Z x3

x2

f (x)dx

,

Z xn

xn� 1

f (x)dx

total area is

Area=
Z x1

x0

f (x)dx+
Z x2

x1

f (x)dx+
Z x3

x2

f (x)dx+ � � �+
Z xn

xn� 1

f (x)dx
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Area by Interpolations contd...

This can be further improved by taking a mid-point method
between each consecutive points

say for example betweenx0 andx1 which isx0+ x1
2 and soon.

If we �t data by Newtons Forward Interpolation, we have for
areaI calculation as

I =
Z xn

x0

[y0 + p� y0 +
p(p � 1)

2!
� 2y0

+
p(p � 1)(p � 2)

3!
� 3y0+ � � �+

p(p � 1)(p � 2):::((p � (n � 1)
n!

� ny0]dx
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Area by interpolation contd...

Here
x � x0

h
= p

dx = hdp

When
x = x0; p = 0

when

x = xn; p =
nh
h

= n

Therefore

I =
Z n

0
h[y0+ p� y0+

p(p � 1)
2!

� 2y0+
p(p � 1)(p � 2)

3!
� 3y0+ � � �

+
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Frame Title

I = nh[y0 +
n
2

� y0 +
n(2n � 3)

12
� 2y0 +

n(n � 2)2

24
+ � 3y0 + � � � ]

Now depending onn we have
for n = 1 only two points that isx0; x1 which gives polynomial as
degree 1 , a straight line and �y0 = y1 � y0 and higher
di�erences will be zero
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Frame Title

Therefore

I = nh[y0 +
1
2

� y0 + 0 + 0 + � � � + 0]

I = I1 =
h
2

(y1 + y0)]

which is simply a area of trapezium, half sum of opposite side
multiplied by amplitude.

If both the side are equal that isy0 = y1 we get area of
rectangle. And ifh = y0 = y1 we get area of square.

In this way we see the beauty of all these formulations. How
Interpolation is correctly leading us.
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Area by Interpolation contd...

Similarly forn = 2 the choice isx0; x1; x2 three points which can
be linear or parabolic.

up to Second order di�erence will be non vanishing . we have
after doing the few simple mathematics

the way we calculate fromI1 we can calculateI2 instead of from
x0 to x1 this time it is fromx0 to x2.

so it will be divided into two parts or trapeziums atx1 so total
area is
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Area BY Trapezium Rule

I = I1 + I2 =
h
2

(y1 + y0) +
h
2

(y2 + y1)

similarly forn = 3 that is 4 points we have 3 trapezium total
area or integration is

I = I1 + I2 + I3 =
h
2

(y1 + y0) +
h
2

(y2 + y1) +
h
2

(y3 + y2)

And soon
In general we have

I = I1+ I2+ I3+ � � �+ In =
h
2

(y1+ y0)+
h
2

(y2+ y1)+
h
2

(y3+ y2)+ � � �+
h
2

(yn+ yn� 1)
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